The study reported here was initiated by observations of condensation trails that occur behind transport aircraft at cruise altitudes under certain atmospheric conditions. The objective of the study reported is to explain why the structure of condensation trails behind aircraft at cruise altitudes differ in some respects from those predicted by classical theory for the roll-up of lift-generated vortex sheets. Because classical roll-up theory does not include the effect of jet-engine exhaust on wake structure, numerical simulations were 
The study reported here was initiated by observations of condensation trails that occur behind transport aircraft at cruise altitudes under certain atmospheric conditions. The objective of the study reported is to explain why the structure of condensation trails behind aircraft at cruise altitudes differ in some respects from those predicted by classical theory for the roll-up of lift-generated vortex sheets. Because classical roll-up theory does not include the effect of jet-engine exhaust on wake structure, numerical simulations were carried out for the time-dependent interaction of jet-exhaust streams with lift-generated vortex distributions. The simulations indicate that inclusion of jet-exhaust effects produces results that more closely represent observed wakes than those calculated by means of classical roll-up theory. In particular, jet-exhaust streams appear to cause wakes to separate into several nearby parts so that the vertical depth of the wake is increased by over a factor of two. It is therefore recommended that wake-prediction methods include the effect of jet-exhaust streams during takeoff, climb and cruise. Current prediction methods for wake-hazardous regions during approach and landing at airports probably do not need to be changed because engine thrust is small during those operations. 
I. Introduction
The lift-generated swirling motions in aircraft wakes brought about by the lift-generated trailing vortices are so strong that they usually dominate the organized across-trail velocity components in the wake. For this reason, theoretical and experimental studies of lift-generated vortex wakes have usually not included the effect of jet-exhaust streams on wake structure and on the spread or movement of the hazardous region posed by the vortices in the wake [1] [2] [3] [4] [5] [6] [7] . To be sure that such a neglect was tolerable, a study was made of the effect of engine thrust on maximum measured wake-induced rolling moments on aircraft when they encounter the wakes of preceding aircraft [8] . It was found that the measured maximum rolling moments in wakes where jet effects were present are smaller than when the wake-generating aircraft was in its approach configuration and gliding toward a landing. It was also found that the reduction in the maximum measured value for wake hazard brought about by engine thrust was far from
American Institute of Aeronautics and Astronautics 3 sufficient to render wakes non-hazardous for in-trail penetration. For these reasons, classical roll-up theory was believed to be sufficiently accurate for the estimate of the maximum and the distribution of wake-induced rolling moments in lift-generated wakes of aircraft at cruise altitudes and in the airport environment [3] [4] [5] [6] [7] [8] [9] [10] .
The study presented here was initiated by the observation that the structure of condensation trails # behind aircraft at cruise altitude have features not present in wakes predicted by classical roll-up theory for vortex wakes [1, 2, 9] . The observations suggest that even though engine thrust does not alleviate wakes enough to render them harmless, the energy content in the jet-exhaust streams from the engines is large enough to produce significant distortions to wake structure through displacement and rearrangement of vortex elements brought about by turbulent mixing with the ambient air and by the deceleration of jet-exhaust streams as they age.
The objective of the present study is to show how jet-engine exhaust streams appear to cause lift-generated vortex wakes to divide and become more complicated than predicted by classical theory. The study reported is directed at the determination of why the visual structure of condensation trails sometimes differs considerably from the structures predicted by classical roll-up theory for lift-generated vortex sheets [5, 6] . In order to accomplish these objectives, theoretical and observational information is provided to improve the understanding and prediction capability of the structure of lift-generated wakes of aircraft as they move and spread as a function of time under the influence of its vortex and engine-exhaust flow-field components.
Pictures are first presented of condensation trails at cruise altitudes to illustrate the more complex appearance of lift-generated wakes at cruise altitudes where the effect of jet-exhaust streams on their structure is visualized. Classical roll-up theory is described to provide a background for cases wherein the flow-field structure is driven by only the vortex sheet shed by the wing, so that they do not separate into several parts that substantially increase wake size. Point-vortex and point-source representations along are then used to simulate the time-dependent motion of wakes at cruise altitudes in order to illustrate and explain some of the details of the interaction of vortex wakes and engine exhaust streams. It is assumed that the fluid motions studied can be treated by use of inviscid and incompressible flow theory.
# Condensation trails appear behind aircraft when they fly at cruise altitudes, because the atmosphere at those altitudes is often at temperatures below -40 o F (or -40 o C), and a relative humidity above 40%. These conditions cause the water vapor in engine exhaust gases to condense and freeze into ice crystals before they have time to evaporate American Institute of Aeronautics and Astronautics
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II. Observations of Dynamics of Condensation Wakes.
The photographs presented in Fig. 1 are part of a larger set taken at long range from the ground in order to study how the structure of vortex wakes at cruise altitudes changes with time, and how rapidly the hazardous parts of wakes spread as a function of time [1] . At the time of the photographs, conditions at cruise altitudes were such that condensation and freezing of water vapor in engine exhaust products visualized the complete wake, and not just the high-speed vortex-core regions of the vortices [3, 4] . The photograph in Fig. 1a presents a Analysis of a large number of observations indicate that condensation trails spread roughly as the square root of time during their visual existence [1] .
An example of complete wake separation is shown in Fig. 2 . The picture was taken from an aircraft flying beside and into the wake of another aircraft to make measurements of wake velocities [2] . The objective of the flight tests was to evaluate potential hazards to aircraft that might accidentally penetrate a lift-generated wake. In the photograph, the formation of two distinct regions of wake fluid indicate that the wake has, in this case, divided into two parts that probably continue to aerodynamically communicate with each other. The lower part of the condensation trail contains a pair of vortex filaments clearly marked by condensation where the vortex pair is going through the development of the long-wave instability [3, 4] . The upper part appears to be a cloud of condensate without any organized structure or presence of an organized View along wake from behind shows wake separation into upper and lower parts. Upper part appears to not contain a pair of concentrated vortex cores, whereas lower part does contain a pair of intense vortex cores that are undergoing the long-wave instability [2] [3] [4] .
vortex pair. Also, a non-condensate vertical distance exists between the two parts of the wake.
The upper region is some times referred to as the jet-wake part of the condensation trail, because it appears to consist primarily of engine exhaust, and the lower region as the vortex wake, because a pair of vortex cores undergoing the long-wave instability is prominent in that part of the wake.
The foregoing photographs are typical of a number of cases observed in which condensation trails appear to divide into upper and lower parts that remain in touch with or near to each other during the lifetime of the wake. Not apparent in these photographs, but clear in enlarged views, is that the upper region does not exhibit any dominant vortex-like structures, but appears to be composed primarily of a large-scale turbulent flow field with eddies as large as or larger than the wing span of the wake-generating aircraft. The lower region appears to consist primarily of a pair of vortices that undergo the long-wave instability [1] [2] [3] [4] , and large turbulent eddies are not observed. As the vortex pair executes the wake dynamics associated with the long-wave instability, the amplitude of the waves on the filaments at the bottom of the condensate cloud becomes large enough to dominate wake motions, especially in the lower part of the trail. American Institute of Aeronautics and Astronautics 7 the way that the structure of lift-generated vortex wakes have usually been estimated in the past [9] . Based on the span loading on the wake-generating wingand the model shown in Fig. 3 , the magnitude of the swirl velocity distribution in the vortices can be accurately predicted [5, 10] .
The prediction process assumes that the vortex sheet generated by the lift on the wing of the aircraft begins at z=0 and the x=0 station where the quarter chord of the wing is assumed to be located. Classical theory for roll-up of vortex sheets, Fig. 3 , assumes that the upward component of the flow of the free stream around the wing is given by U ∞ sin α = w ∞ , where α is the angle of attack of the wing relative to zero lift for an elliptically loaded wing. The circulation bound in the wing is related to the span loading by
The vortex sheet is assumed to initially be flat, and of zero thickness so that it has zero crosssectional area. When the vortex sheet rolls up continuously from its two side edges, it forms two well-organized vortices of opposite sign, as shown in Fig. 3 , the roll-up process envelops and encloses a quantity of fluid to form an elliptically-shaped oval (the vortex oval) that has a finite cross-sectional area and travels downward with time. When the span loading on the wing is not elliptic, the structure of the vortex pair inside the oval still depends on the span loading on the wake-generating wing, and can therefore be estimated theoretically [5, 10] . The cross-sectional area associated with the vortex pair, when it is rolled up, is then a consequence of inviscid fluid dynamics and not a result of exhaust entrainment or turbulent mixing.
Another theoretical model must and will be used to analyze the more complex flow fields associated with the development of lift-generated flow fields when jet-exhaust streams are present. The numerical method used to compute the more realistic flow fields to be presented also includes roll-up entrainment, but uses point-vortex elements to simulate the actions of the circulation in the shed wake, and point-source elements to simulate exhaust jet-streams to simulate deceleration, mixing and entrainment of jet-exhaust streams with ambient air. Other numerical examples of the time-dependent roll-up of vortex wakes are presented after the method used has been described.
IV. Trefftz-Plane Analysis of Wake Dynamics. A. Overview of Method.
The computational method used to compute the time-dependent dynamics of lift-generated vortex wakes with and without the presence of jet-exhaust gases is made by use of point-vortex and point-source distributions in the so-called Trefftz plane [5, 6, [11] [12] [13] [14] . loadings were chosen for the study because they shed vortex wakes that are representative of two kinds of span-wise loadings designed for aircraft in the past. They are: 1) elliptical span loading, derived by Munk [15, 16] as the span loading that has the least lift-induced drag for a given lift and wing span; and, 2) a span loading designed by R. T. Jones [17] as the span loading that has the least lift-induced drag for a given lift and given minimum wing-root bending moment (i.e., least structural weight) (Fig. 4) .
The Jones-optimized design, RTJopt, is a combination of triangular and elliptical downwash distributions along the span of the wing.
Although current designs resemble the span loading proposed by Jones, an exact match is not likely because high-speed computers are used to optimize the design of not only the wings, but also of the entire structure of the aircraft. In that way, interactions of the various components of the aircraft with each other are included in the computations used to optimize the design. As a result, the numerical solutions obtained for the span-wise loadings of lift on subsonic transports The Munk design [15, 16] was chosen because it sheds a vortex sheet with circulation concentrated at the wingtip region, whereas the Jones design sheds circulation much more uniformly distributed along the span.
An elliptically loaded wing has a span-wise loading given by 
where, N is the number of point vortices used to represent the sub-divided vortex sheet, γ j is the circulation content of the jth point vortex, and v i and w i are the lateral and vertical velocity components of the ith vortex. The velocity, u i , in the flight or x-direction of the various point vortices (sheet segments), is assumed to be U ∞ relative to the aircraft, and stationary relative to the ambient air. In a flight situation, the along-axis movement of the vortex elements is in the same direction as the jet-engine exhaust, but is not as rapid. The influence of the jet streams first stretches the vortex cores, and then compresses them as the jet-exhaust streams decelerate. As the wake ages, the component of the velocities of the jet exhaust and vortex cores in the flight direction both tend toward zero relative to the ambient air. The effect of first being stretched and then compressed on vortex dynamics is assumed to be small, and is therefore ignored in the present study.
In certain cases, the distribution of vorticity in the vortex sheet can be assumed to be perfectly symmetrical or anti-symmetrical about the centerline of the wake. For anti-symmetrical vortex wakes, which is the wing case, computational time can be saved by writing Eqs. (4) for the antisymmetrical case as (4) and (5) to zero at the center of the point vortex. The core radius is set equal to four initial spacings between the vortices. Therefore, when two vortices approach each other within a distance less than the chosen core radius, the swirl velocity magnitude induced by one vortex on another in the array is softened so that erratic vortex motions are suppressed. The lateral and vertical velocities induced on vortices in the array are then given by
where, r c is the core radius (solid body rotation) given to each vortex structure. Eqs. (5) 
As shown in Fig. 5 , the vortex sheet shed by an elliptically-loaded wing first descends at about the same speed all along the span except near the wingtips, where a strong up-wash occurs.
In the wingtip region, the up-wash turns into a rotational motion brought about by the nearby vortices. In this way, vortex cores are produced that cause the vortex sheet to roll up from the wingtips inboard to the wake centerline, with somewhat concentrated cores at the two centers of the rollup. The left and right sides of the wake are mirror images of each other.
In the beginning of the roll-up process, the RTJ loading produces a nearly triangular downwash pattern (e.g., x/b o = 1 and 2) over the outboard part of the wake, and an almost constant downwash over the inboard part of the span. As time progresses, the initial downwash patterns are replaced by the swirling flow fields of vortex pairs. The structure of the two swirling flow fields can be predicted with good accuracy by use of a method derived by Betz [5, 6] . After that, the structure of the rolled-up vortices changes very slowly with time until three-dimensional instabilities set in to cause the orderly structure of the vortex pair to decompose. The turbulent motions brought about in the wake by its decomposition cause the lift-generated flow field to spread further by turbulent decay [1] .
B. Side Views of Wake Dynamics.
Because the observer is usually on the ground and the condensation trails at cruise altitude, Also, the paths of the vortices for the RTJ loading appear to be more compact than those for elliptic loading. In addition, the larger circulation content and the more inboard loading of the RTJ vortex sheet causes it to descend a bit more rapidly than the vortex sheet shed by an elliptic-loaded wing. 
VI. End Views of Motion of Point Vortices with Markers.
In order to better understand the mechanisms that cause condensation trails to grow in crosssectional size from about one span to over five spans, a sequence of cases were calculated to upper (mostly condensation) part and a lower (mostly vortex) part, as observed at cruise altitudes. Also, the point vortices also appear to group into several groups of pairs rather than spiraling around each other in a single group. Fig. 9 Dynamics predicted for lift-generated wakes shed by elliptically-loaded wing as represented by point vortices and sources to simulate affect of exhaust products and turbulent mixing on wake structure. When the flow field contains markers instead of sources (Fig. 8) , the point-vortex distributions in both cases extend over and mix within the same size of area occupied by the point vortices alone; i.e., a vertical distance of about one wing span. When the sources are active, Figs. 9 and 10, the vertical extent of the point-vortex distributions at x/b o = 100 extend over about 3 wing spans in the elliptically-loaded case and over more than 4 wing spans in the RTJ-loaded case. In both cases, the point vortices move downward through the source-generated fluid causing the bulk of the point vortices to be located in the lower part of the wake (in preparation for the long-wave instability). The breadth of the wake is doubled in the elliptically-loaded case, and more than tripled in the case of the RTJ-loaded wing, which shows an effect of span loading on the rate of wake spreading, and a possible reduction in the rolling-moment hazard posed by the wake. As illustrated by the photographs in Figs with ambient air and with exhaust condensate. At the time of the picture, the wake has organized itself into a form that resembles a formation of either two or three vortex-pair regions located vertically over each other. Of the three vortex pairs, the strongest is or was the lower pair which has just gone through the long-wave instability. As a result, the entire wake has probably become benign as far as a rolling-moment hazard is concerned for in-trail encounters. However, the vertical-loads hazard posed by the wake could still be too hazardous to permit across-trail penetrations [1] . The three-vortex configuration in Fig. 11 is, of course, more conducive to decomposition than the classical single-pair configuration that forms when mixing and exhaust condensate are not present.
VIII. Conclusions.
The computed simulations of lift-generated vortex wakes with and without exhaust condensate indicate that the presence of jet-exhaust streams in lift-generated wakes causes them to separate into two or more parts, similar to dynamics observed in condensation trails.
The upper parts are composed primarily of condensate with some vorticity, and the lowest part contains the strongest parts of the vortex sheet which goes through the long-wave instability. Although the foregoing flow-field representations are approximate, they appear to simulate features frequently observed in condensation trails shed by aircraft flying at cruise altitudes. It is concluded that lift-generated vortex wakes spread more rapidly in the vertical direction when engine exhaust streams are present, than when they are absent. The calculations also indicate that the wake structures shed by different span loadings on the wake-generating wing are similar in size and shape, and have many of the same characteristics. Detailed differences are probably not important as far as wake hazard and decomposition rate are concerned.
The results presented apply to wakes of aircraft at cruise altitudes, but probably also to aircraft in their take-off and climb configurations. The results are probably not needed, however, when engines are throttled down, as for approach and landing configurations near airports. Guidelines derived previously [7, 18, 19] for the motion and spread of vortex wakes for aircraft on approach to an airport are then correct as derived for avoiding vortex wakes of preceding aircraft, and need not be modified. The study did not determine the effect of jetexhaust streams on the decomposition and decay of lift-generated vortex wakes.
IX.
